This paper presents an implementation of the approximate statistical moment method for uncertainty propagation and robust optimization for a quasi I-D Euler CFD code. Given uncertainties in statistically independent, random, normally distributed input variables, a first-and second-order statistical moment matching procedure is performed to approximate the uncertainly in the CFD output. Efficient calculation of both first-and second-order sensitivity derivatives is required. In order to assess the validity of the approximations, the moments are compared with statistical moments generated through Monte Carlo simulations. The uncertainties in the CFD input variables are also incorporated into a robust optimization procedure. For this optimization, statistical moments involving firstorder sensitivity derivatives appear in the objective function and system constraints. Second-order sensitivity derivatives are used in a gradient-based search to successfully execute a robust optimization. The approximate methods used throughout the analyses are found to be valid when considering robustness about input parameter mean values.
approximate the uncertainly in the CFD output. Efficient calculation of both first-and second-order sensitivity derivatives is required. In order to assess the validity of the approximations, the moments are compared with statistical moments generated through Monte Carlo simulations. The uncertainties in the CFD input variables are also incorporated into a robust optimization procedure. For this optimization, statistical moments involving firstorder sensitivity derivatives appear in the objective function and system constraints. Second-order sensitivity derivatives are used in a gradient-based search to successfully execute a robust optimization. The approximate methods used throughout the analyses are found to be valid when considering robustness about input parameter mean values. Sensitivity derivatives (SD) of CFD code output, with respect to code input and parameters, contain information which can be used to direct the optimization search; that is, the objective and constraint gradients are functions of the CFD SD. Such SD can also be used to accurately approximate the CFD output in a small region, such as that near the mean value of a random variable.
In Ref. 
where both first and second derivatives are evaluated at the mean values, b. In this study, we consider the influence of uncertainty in CFD input parameterization variables.
We have assumed that these input variables are statistically independent, random, and normally distributed about a mean value. This assumption not only simplifies the resulting algebra and equations, but also serves to quantify input uncertainties. The ob.iective function is cast in terms of expected values and becomes a function of F and c_-. The other constraints are cast into a probabilistic statement: the probability that the constraints are satisfied is greater than or equal to a desired or specified probability, Pk. This probability 
where k is the number of standard deviations, og, that the constraint g must be displaced in order to achieve the desired or specified probability, Pk. Care must be exercised with respect to obtaining and using the SD needed for gradient-based optimization (Ref. 25 and 26) . Therefore, we chose to bypass issues related to this supersonic flow non-smoothness in these initial demonstrations ofthepresent approach for uncertainty propagation androbust design forCFD code modules. (7) and (9)) and SO (Eq. (8) and (10)) are compared with CFD solutions and Monte Carlo analyses based on CFD solutions, as given and discussed in the results section.
Robust Shape Optimiz_atj_on
Applying the conventional optimization previously described yields FO Taylor series:
The mean, M, and standard deviation ¢h4 of the output function are expressed as FO:
where the system constraint, V, is a constraint on the nozzle volume anddepends only on a and b; and our objective does not explicitly depend on M.
Applying the robust optimization previously described yields
With a and b subject to statistical uncertainties (which may be due to measurement, manufacturing, etc.), V becomes uncertain. Since V is linearly dependent on a and b, it is also normally distributed. 
For the free stream Mach number, Minf, and the nozzle back pressure, Pb, subject to statistical uncertainties, the mass flux, q, becomes uncertain.
Since q is dependent on Minf and Pb, its standard deviation, (rq, may be approximated by
Since q is not a linear function of Minf and Pb, Eq. (18) is not exact (unlike the previous example where _v was exactly known). and M(Minf, Pb), using the first-(FO) and second-order (SO) Taylor series (as given in Eq. (7) and (8) Nonlinear behavior of the CFD result is reasonably well approximated by the SO result in all plots; however, there does appear to be an inflection point in thc CFD results given in Fig. 3 . Note that the linear FO result is a good approximation in the geometric example; the flow parameter example is more nonlinear.
At larger deviations from the mean, a linear approximation for M(Minf, Pb) loses accuracy. Tables  I and 2 give results  for the mean (first moment) and Tables 3 and 4 cspecially in the flow parameter example. Table 3 illustrates the expected behavior, i.e., SO Monte Carlo simulation size of 3000 is certainly not sufficient to obtain a smooth pdf. We note that both the FO and SO normal distribulions are indistinguishable from this normal Monte Carlo curve at this scale. It is apparent that for either the quasi-linear functional dependence on a and b (Fig. 5) , or for small input standard deviations of the flow parameters (Fig. 6) , the statistical approximations are good for a significant region about the mean but tend to break down in predicting the tails of the distribution. This is significant, for if one is primarily interested in reliable failure predictions, as for structural design, this prediction may not be good enough. It is felt, however, that in aerodynamic performance optimization using CFD, where robustness about the mean is desired, these approximations may be good enough. for oM,,I=o_ =0.06.
R_obust Optimizations
Optimization results were generated using the quasi I-D Euler CFD code and the procedure given by Eq. (5) and ( It is seen from Eq. (12) and (17) The results for case 2 of the robust shape optimization, where c, =Cb is fixed at 0.01, and Pk increases from 50 percent to 99.99 percent (k=0 to 4) are given in Table 6 for a mere gain of 2 percent in constraint satisfaction. Table 7 , the results for case 1 are displayed. 
Concluding

Remarks and Challenges
The present results represent an implementation of the approximate statistical moment method for uncertainty propagation and robust optimization for a quasi I-D Eulcr CFD code. Assuming statistically independent, random, normally distributed input variables, a first-and second-order statistical moment matching procedure was performed to approximate the uncertainty in the CFD output. Efficient calculation of both first-and second-order sensitivity derivatives was employed and the validity of the approximations was assessed by comparison with statistical moments generated through Monte Carlo simulations.
The uncertainties in the CFD input variables were incorporated into a robust optimization procedure where statistical moments involving first--order sensitivity derivatives appeared in the objective function and system constraints. Second-order sensitivity derivatives were used in a gradient-based robust optimization.
The approximate methods used throughout the analyses were found to be valid when considering robustness about input parameter mean values.
Collectively, these results demonstrate the possibility for an approach to treat input parameter uncertainty and its propagation in gradient-based design optimization that is governed by complex CFD analysis solutions.
It has been demonstrated on a very simple CFD code and problem; there are computational resource issues to be addressed in application to significant 2-D and 3-D CFD codes and problems.
Some of these are addressed in the companion paper, Ref. 
